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h i g h l i g h t s

� 3D cellular designs exhibit an
improved and more isotropic
mechanical performance than 2D
patterns at similar levels of density.

� Although most of the 3D designs
require support structures for their
manufacturing, no increase in
building time is noticed.

� The implementation of the sparse
infill saves material, weight and
printing time, while performance is
slightly impacted.

� A novel and more consistent method
for quantifying the isotropy of cellular
solids fabricated with additive
manufacturing technologies is
provided.

� The homogenized numerical
approach employing representative
volume element properties saves
important computation time with
enough accuracy.
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a b s t r a c t

The development of cellular solids is one of the research fields in which additive manufacturing has made
relevant progress in producing lightweight components and enhancing their performance. This work pre-
sents comprehensive research on the mechanical performance of fused filament fabricated three-
dimensional lightweight cellular solids, including open-cell and closed-cell lattice designs and triply peri-
odic minimal surfaces (TPMS), with different cell sizes and infill densities. The aim of this work is to
determine the range and limits of the achievable mechanical behavior by employing different cell designs
made from a single material and manufacturing technique. Experimental results obtained with cell
designs fabricated with a high-performance polymer (PEI Ultem) showed wide ranges of effective stiff-
nesses from 1 to 293 MPa, strengths from 0.1 to 18.1 MPa, and densities from 0.066 to 0.541 g/cm3.
Furthermore, two validated numerical approaches are provided to simulate their mechanical perfor-
mance accurately. Moreover, a novel and robust index to quantify the isotropy of additively manufac-
tured cellular solids based on the graphical representation of the homogenized stiffness tensor is
proposed. Finally, experimental evidence states that the Shell-TPMS designs proved to be the most effi-
cient cellular pattern, followed by the Skeletal-TPMS and the lattice configurations.
� 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND
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1. Introduction

Additive manufacturing (AM) has attracted enormous attention
from the scientific community and different industrial sectors in
the last decade. It undoubtedly constitutes one of the strategic pil-
lars of the global transformation towards Industry 4.0. Moreover,
the rapid transition between research developments and industrial
applications has been consolidated due to the ability to fabricate
functional parts with complex geometries, which are unfeasible
to obtain using conventional manufacturing techniques.

In particular, one of the research fields in which AM has made
relevant progress is the development andmanufacturing of cellular
solids [1–4]. These bio-inspired structures are formed by a com-
plex interconnected network of solid struts or shells that cover
the space while considerably reducing the weight of the compo-
nents [5–7]. Depending on the unit cells’ typology and arrange-
ment, cellular solids can be classified into two principal
categories: closed-cell designs, such as foams, or open-cell ones,
composed of reticular microstructures, such as lattices [8]. The
properties of these cellular solids directly depend on the shape
and connectivity of the unit cells and the solid material used for
their manufacturing [9,10]. Thus, this advanced and optimized
microarchitecture gives them properties of great interest and
applicability, such as rigidity and specific resistance, thermal and
acoustic insulation, or impact absorption capacity [11–21].

Some of these designs have already been incorporated into 3D
printing equipment as an infill method for parts construction, with
the aim to reduce manufacturing time and costs associated with
material consumption [22]. However, an advanced design of cellu-
lar solids demands tight control of the kinematics of their deforma-
tion to achieve the desired microstructure properties to satisfy
specific design requirements [23–31]. Therefore, a better under-
standing of the structure’s behavior allows for finer control of
mechanical properties [32,33]. Hence, architectural cellular mate-
rials are very versatile, as their performance can be tailored by sim-
ply modifying the geometrical or topological parameters of the
design. Thus, according to the vast literature published in the last
five years, it can be stated that there is an interest in the scientific
community in deepening the knowledge, development, and fabri-
cation of these bio-inspired microstructures for their application
in advanced structural components.

Previous research has demonstrated that specific AM tech-
niques are better suited for manufacturing certain typologies of
cellular solids. In particular, the fabrication of lattice-type arrange-
ments often requires intensive use of support structures. In this
sense, employing powder bed technologies avoids the fabrication
of supports, since the whole powder volume sustains the following
constructed layer [34–41]. Therefore, powder bed fusion (PFB) is
the most used technique for manufacturing truss-like cellular
solids [42–48]. On the other hand, fused filament technologies
deposit a thermoplastic material layer by layer according to the
trajectories of a moving extruder head. Therefore, studies employ-
ing fused filament fabrication (FFF) generally deal with cell geome-
tries composed of shell-like walls, as the vertical overlapping of the
deposited rasters favors the construction of honeycomb-like
designs [49–51]. Nevertheless, its implementation in manufactur-
ing lightweight three-dimensional structures, such as lattice
designs, requires removable auxiliary supports to hold inclined
walls or struts during their construction.

In spite of this shortcomings, FFF stands as the most accessible,
cost-effective, fastest, and user-friendly technique compared to the
rest of the AM technologies. Moreover, its benefits for constructing
two-dimensional cellular solids have been sufficiently consoli-
dated [52,53]. However, the extrusion plane present in all of these
designs significantly increases the degree of anisotropy of the

structures, which exhibit a maximum in-plane stiffness while dra-
matically compromising the perpendicular one [54]. On the con-
trary, this phenomenon does not appear in three-dimensional
designs, which leads to higher degrees of isotropy [55]. For this
reason, many authors have recently focused on exploring the capa-
bilities of this technology to manufacture three-dimensional struc-
tures using a much more economical and sustainable process [56–
58].

One of the most promising developments in three-dimensional
cellular solids for lightweight applications are the called triply
periodic minimal surfaces (TPMS) [59,60]. These geometries are
mathematically created to minimize the surface area for a given
volume, having no self-intersecting or enveloping surfaces. More-
over, the lack of nodes and discontinuities in their curvature
reduces stress concentration, thus improving their mechanical per-
formance [61,62]. In addition, the average curvature at each point
of the geometry is zero, hence making them self-supporting and
able to be fabricated by FFF without requiring support structures
[52,63–66].

Despite the high interest in cellular solids several uncertainties
remain, especially for employing them in high-performance struc-
tural applications, such as composite material sandwich structures.
Thus, and taking advantage of the most recent developments in AM
technologies, these designs can become a turning point for obtain-
ing novel lightweight cores with more isotropic and customized
properties.

Accordingly, this work investigates the mechanical perfor-
mance of FFF three-dimensional cellular solids to comprehend
their benefits over two-dimensional designs in terms of stiffness
and strength while attending manufacturing aspects such as print-
ing time. The aim of this work is to explore the capabilities of cel-
lular solids to achieve, from a single high-performance polymeric
material, very different mechanical behaviours that allow broad
applicability of this lightweight structures by customising only
the cell design. In order to do so, the compressive behavior of
twenty designs, including both open-cell and closed-cell patterns
with different cell sizes and infill densities, is experimentally ana-
lyzed. In contrast to some previously published works, this study is
conducted using professional FFF equipment, which incorporates a
heating chamber to improve the cohesion between layers and
increase the stiffness of the joints of the melted material. Further-
more, to inspect the structural capabilities of each design, a high-
performance technical polymer with an outstanding strength-to-
weight ratio is used. Additionally, the isotropy of the manufactured
cell type is evaluated by employing a numerical homogenization
strategy. Lastly, two validated numerical approaches are provided
to efficiently simulate the compression and bending response of
cellular designs, further contributing to novel design-for-
manufacturing strategies of lightweight cores for sandwich
structures.

2. Methodology

2.1. Manufacturing of the samples

A total of 20 different three-dimensional cellular solids were
selected to analyse the impact that both the unit cell geometry
and the relative density may have on the mechanical performance
and manufacturing feasibility (see Fig. 1 and Table 1). For simplic-
ity, from now on, pattern names and specimen identifications are
referenced with the corresponding ID. Although FFF might be an
unconventional choice for manufacturing certain geometries, this
work comprises the study of all typologies of three-dimensional
cellular solids, including lattice (A to H), Skeletal-TPMS (I to O),
and Shell-TPMS (P to T).
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Lattice geometries have been created using SolidWorks. On the
other hand, the novel TPMSgen [67] open-source Python applica-
tion was developed to parametrically generate the Skeletal-TPMS
and Shell-TPMS designs employing the corresponding equations

(see Appendix A). In each case, a cubic volume of 40 mm of side
length was covered using two different unit cell sizes (I:
40 � 40 � 40 mm; II: 20 � 20 � 20 mm), thus resulting in struc-
tures made of a single cell (Specimen ID1) and others of eight cells

Fig. 1. Unit-cells (Specimen ID1) and eight-cells (Specimen ID8) samples of the three-dimensional patterns manufactured with FFF (see Table 1).
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(Specimen ID8), respectively. It should be noted that, in some cell
designs, the minimum wall thickness achievable by the additive
manufacturing equipment limited the range of densities. Thus,
the priority has been given to the printability of the samples, not
the uniformity of the porosity of the designs.

Specimens were fabricated in a Stratasys Fortus 400mc FFF
equipment employing PEI Ultem 9085 (PEI Ultem) material, a
high-performance technical polymer with an outstanding
strength-to-weight ratio [68]. This professional equipment has a
thermal chamber controlled during the printing process. This fact
significantly improves the inter-layer adherence between adjacent
building layers, thus leading to a higher strength. The oven temper-
ature was set at 195 �C and the model extrusion temperature at
380 �C. All the specimens were manufactured with a layer height
of 0.254 mm.

Specimens A to O were evaluated with two different infill con-
figurations: solid and sparse. Sparse patterns were generated by
introducing a separation of 0.25 mm between intra-layer filaments
using the raster-to-raster air gap parameter. On the other hand, the
constant thickness of Shell-TPMS patterns (P to T) allows a higher
accurate control over the density of the final structure. Thus, aim-
ing to evaluate the potential of FFF technology to produce struc-

tures as light as possible, these patterns were printed with solid
walls fabricated with a wall thickness of two contours
(1.016 mm). Furthermore, a reference solid � 45� configuration
was included in this study. In all cases, two samples of each spec-
imen were manufactured to validate the repeatability of the exper-
imental tests, resulting in 142 manufactured patterns.

The geometric complexity of the studied three-dimensional
patterns entailed multiple areas with overhangs, which required
support material (polysulfone) for their construction (see Fig. 2).
Hence, an optimized procedure employing a recently proposed sol-
vent of 20% v/v aniline in toluene dissolution was used for remov-
ing support structures [69,70]. Fig. 1 depicts both unit and eight
cells of every considered pattern once the support structures had
been chemically removed.

Once all the samples were cleaned, the ratio between each spec-
imen’s mass and the Solid ± 45� cube configuration one was calcu-
lated (q�=qS) to obtain the relative density measurements. The
average result of each pattern and infill configuration is given in
Table 1. It should be noted that, since the unit cell in Specimens
ID8 A to O is equal to the corresponding Specimen ID1 with a down-
scaling factor of 50%, the experimental measurement of the relative
density leads to equivalent results in all cases. Meanwhile, as pat-

Table 1
Pattern ID, manufacturing time, and relative density of the analyzed three-dimensional cellular solids.

Pattern (see Fig. 1) Family ID Typology Specimen ID Solid ± 45� Infill Sparse 0.25 mm Infill

Manufacturing
time (min)

Relative
density (%)

Manufacturing
time (min)

Relative
density (%)

Rel. density
reduction (%)

Reinforced body centered cube � A Lattice A1 311 27.11 305 24.23 2.88
A8 492 27.83 490 26.67 1.16

Dode medium � B Lattice B1 224 13.16 222 12.04 1.12
B8 416 13.44 416 13.33 0.11

Dode thick � C Lattice C1 221 25.51 212 21.41 4.10
C8 377 26.29 377 25.36 0.93

G-Structure 9 � D Lattice D1 178 23.35 171 19.55 3.80
D8 299 23.62 292 20.85 2.77

G-Structure 10 � E Lattice E1 180 30.33 182 26.87 3.47
E8 293 31.52 292 26.81 4.71

Octet truss � F Lattice F1 250 30.32 244 27.09 3.23
F8 435 30.16 432 28.03 2.13

Rhombic dodecahedron � G Lattice G1 237 30.65 227 25.87 4.79
G8 410 31.05 408 29.76 1.28

Truncated octa light � H Lattice H1 233 21.25 226 18.09 3.16
H8 373 20.94 373 20.86 0.08

Neovius surface � I Sk-TPMS I1 227 23.75 222 21.71 2.04
I8 339 23.63 336 22.23 1.40

Schoen gyroid � J Sk-TPMS J1 197 20.68 192 17.65 3.03
J8 289 23.69 280 18.77 4.92

Schwarz diamond � K Sk-TPMS K1 190 24.63 192 22.40 2.23
K8 300 24.57 296 23.51 1.06

Cylinder grid � L Sk-TPMS L1 174 26.77 168 21.79 4.98
L8 225 27.16 216 21.98 5.17

Schwarz primitive (pinched)� M Sk-TPMS M1 185 29.81 179 23.84 5.97
M8 241 29.93 234 24.82 5.11

Schwarz primitive � N Sk-TPMS N1 173 18.38 170 14.57 3.80
N8 234 18.22 230 15.23 2.99

Body diagonals with nodes � O Sk-TPMS O1 193 46.13 182 37.79 8.34
O8 295 47.26 286 39.62 7.65

Gyroid y P Sh-TPMS P1 29 8.01 – – –
P8 49 15.99

Diamond y Q Sh-TPMS Q1 34 9.75 – – –
Q8 61 19.45

Lidinoid y R Sh-TPMS R1 56 16.29 – – –
R8 158 30.88

Split-P y S Sh-TPMS S1 37 11.74 – – –
S8 101 21.66

Schwarz y T Sh-TPMS T1 25 5.79 –
T8 42 11.78

Reference REF Solid ± 45� So 66 100.00a – –

a Experimental measurement of Solid ± 45� pattern’s density: 1.1457 g/cm3. Sk-TPMS and Sh-TPMS stand for Skeletal and Shell triply periodic minimal surfaces,
respectively.� Pattern manufactured with support structures.y Pattern manufactured without support structures.
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terns P to T were all manufactured with two contours regardless of
the unit cell size, the relative density of Specimen ID8 is double the
one corresponding to Specimen ID1. However, different trends are
observed when analyzing the estimated manufacturing time data
since Specimens ID8 required almost twice as much time to build
as ID1 in all cases.

The contribution of the sparse infill to weight reduction
depends on the shape of the different building layers that consti-
tute the manufactured part itself. In other words, if any portion
of the cross-sectional area of the printed volume is too narrow
for fitting both the contours and the infill region with separated
rasters, the slicer software automatically sets it as solid. Therefore,
weight reduction and printing time savings associated with the use
of sparse infill are more evident in those designs where the unit
cells are larger. As can be noticed from Table 1 data, sparse infill
can suppose up to 8.34% of weight reduction (A1), whereas just a
0.08% loss is noticeable in other cases (H8), depending on the pat-
tern’s shape. Moreover, the scaling factor used in Specimen ID8

narrows its cross-section compared to Specimen ID1. Accordingly,
the effectivity of the sparse infill might be limited when used in
smaller FFF patterns.

2.2. Compression testing

Printed specimens were tested in compression along the per-
pendicular axis to the printing plane (see Fig. 3). Tests were con-
ducted using ZwickRoell Z030 30 kN equipment following the
ASTM C365 standard [71]. The crosshead rate was set to 3 mm/
min. Results from the elastic modulus, the maximum stress prior
to first failure (FF), and the corresponding absorbed energy were
reported. The specimens’ nominal external dimensions (40 � 40
� 40 mm) were employed for effective stress and strain calcula-
tions. The experimental elastic moduli were determined from test
data between 0.1% and 0.3% of compressive strain using linear
regression. Finally, the energy absorption efficiency was calculated
as the ratio between the area under the load–displacement curve
and the material’s volume used for manufacturing each cell
pattern.

Each specimen was previously sprayed with a black and white
stochastic pattern to determine the full-field deformation of the
samples with a 3D Digital Image Correlation (DIC) system. Two
Allied Vision GigE MAKO G-507B cameras with APO-Xenoplan
1.4/23–0903 lenses were used to record the tests. A GOM CP20/
MV55x44 panel was employed for the setup’s calibration. The
recorded sequences were post-processed with GOM Correlate Pro-
fessional software to evaluate the deformation of the samples’ sur-
face until failure occurred.

2.3. Numerical analysis

To assess the elastic performance of each cellular solid numer-
ically, an Ansys FE implicit model was developed1. Two approaches
were used for numerical analysis: the solid-element model (SE) and
the homogenized representative volume element model (H-RVE). In
both cases, two rigid bodies were first created on the top and bottom
faces of the specimens to represent compression test plates. Dis-
placements and rotations were restricted to fix the bottom plate,
while a 0.1 mm displacement was imposed on the upper plate along
the loading testing direction. A Normal Stiffness Factor (FKN) was
included in the contacts’ definition to reproduce the phenomenon
of elastic asymmetry [72]. This factor was calibrated with the exper-
imental data from Solid ± 45� infill samples, obtaining a FKN factor of
0.050. Next, frictional contacts with asymmetric behavior were
defined between the cellular pattern and the plates, with a friction
coefficient of 0.42. In addition, augmented Lagrange formulation
with a penetration tolerance of 0.1 mm was activated, and ramped
effects were permitted. The reaction force was finally calculated on
the bottom surface to determine the stiffness of the cellular pattern.
In every case, both displacement and load values were stored for
every intermediate step of the simulation until the convergence of
the model was reached. Finally, the numerical elastic moduli were
again determined using linear regression and the nominal external
dimensions of the sample.

For the SE approach, the CAD geometry of the cellular pattern
was imported and discretized with a body mesh method, employ-
ing higher-order 20-node SOLID186 elements of 0.50 mm. The
mechanical properties of the PEI Ultem 3D printed material were
adopted from a previous comprehensive study [68], and are sum-
marized in Table 2.

The second approach aimed to validate a more computationally
efficient strategy for numerical analysis through a homogenized
RVE model [73,74]. First, each three-dimensional pattern’s unit cell
was numerically homogenized using Ansys Material Designer with
periodic boundary conditions, obtaining the performance compli-

Fig. 2. Appearance of a three-dimensional FFF cellular solid (B8) with the required
support structures for its manufacturing (left) and after the cleaning treatment with
the 20% v/v aniline in toluene solution (right).

Fig. 3. Experimental setup for compression tests, corresponding to the Specimen P8.

1 FE models were solved using the following hardware: AMD Ryzen Threadripper
2920X 12-Core Processor and RAM Memory 64 Gb DDR4 2133 MHz; License Solver: 4
Physical CPU Cores Used
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ance matrix of each cellular solid. Next, the cubic nominal volume
was also modeled with a body mesh method, employing the previ-
ously mentioned element type and size. Finally, the homogenized
performance tensors were introduced in the FE model, and the
effective elastic properties were applied to the cubic RVE for the
numerical analysis.

2.4. Degree of anisotropy

The degree of anisotropy quantifies the uniformity of the
mechanical performance of a material in all the orientations. Three
approaches have been adopted for comparative purposes to esti-
mate the degree of anisotropy: the Zener index [75], the Universal
anisotropy index [76], and the volume-based index proposed in
this work.

The Zener anisotropy index A, which was initially introduced to
measure the anisotropy of cubic crystals, can be directly computed
from the coefficients of their stiffness tensor (C) as:

A ¼ 2C44

C11 � C12
ð1Þ

where:

C ¼

C11 C12 C13 0 0 0
C22 C23 0 0 0

C33 0 0 0
C44 0 0

Sym: C55 0
C66

2
666666664

3
777777775

Physically, C44 represents the stiffness with respect to a shear-
ing stress applied across the (1,0,0) plane in the [0,1,0] direction.
Similarly, ðC11 � C12Þ=2 represents the resistance to shear deforma-
tion by shear stress applied across the (1,1,0) plane in the [1,-1,0]
direction (see Fig. 4). This calculation results in A values that range
from 0 to 1, depending on the coefficients of the stiffness tensor
(C), becoming A ¼ 1 for a locally isotropic solid since the above
shear resistances would be equal. Moreover, some authors prefer

to quantify the anisotropy as A�1 instead of A. Thus, and despite
the fact the Zener index has been recently applied in the field of

FFF cellular solids [6,77], other authors previously concluded that
A is restricted to cubic crystals and lacks universality [76], and

the Universal anisotropy index AU was proposed:

AU ¼ 6
5

ffiffiffi
A

p
� 1ffiffiffi

A
p

� �2

ð2Þ

AU is a single-valued measure whose null value stands for iso-
tropic behavior. However, A and AU assume that C11 ¼ C22 ¼ C33,
C12 ¼ C13 ¼ C23, and C44 ¼ C55 ¼ C66 in the stiffness tensor (C).
Thus, although three-dimensional cellular solids usually display
an apparent symmetry in the 3D space, these assumptions may
be questioned regarding the inherent anisotropy of AM-
fabricated patterns which has been widely reported, especially in
extruded-like designs [78,79]. Therefore, a more general and
robust method to quantify the anisotropy of additively manufac-
tured cellular solids should contribute to the development of func-
tional designs that can be implemented in fully end-parts.

Accordingly, a novel degree of anisotropy index AV is proposed
in this work based on the ratio between the volumes of the graph-
ical representation of the whole stiffness tensor and the corre-
sponding isotropy circumscribed sphere (see Fig. 5). This index
can only handle values from 0 to 1, being AV ¼ 1 perfectly isotropic.

2.5. Flexural validation test

Finally, to validate and compare both numerical approaches, the
performance of a two-dimensional pattern (Hexachiral), and a
three-dimensional Shell-TPMS design (Q) were experimentally
and numerically evaluated under a centered 3-point bending load
case. Tests were conducted using ZwickRoell Z030 30 kN equip-
ment, following the ASTM D790 standard [80]. The crosshead rate
was set to 3 mm/min. The sample’s nominal external dimensions
(20 � 20 � 200 mm) were considered to calculate stress and strain
data. In both cases, two repetitions were tested to validate the
experimental results.

3. Results and discussion

3.1. Compressive performance

Fig. 6 depicts representative stress–strain curves obtained
thought the experimental compression tests of the 3D printed
specimens. The data presented corresponds to the unit (ID1) and
the eight-cell (ID8) samples of lattice (E), Skeletal-TPMS (I), and
Shell-TPMS (Q) patterns with both solid and sparse infill
configurations.

As can be seen, depicted results are experimental evidence of
the pattern design’s influence on mechanical performance. More-
over, it should be noted that each cellular solid exhibits a similar

Table 2
PEI Ultem 9085 Quasi-Isotropic elastic properties and stress limits used in the solid-
element model (SE) [57].

Orthotropic Elasticity

Young’s Modulus x-direction (MPa) Esx 2121
Young’s Modulus y-direction (MPa) Esy 2121

Young’s Modulus z-direction (MPa) Esz 2126
Poisson’s Ratio xy msxy 0.344
Poisson’s Ratio yz msyz 0.392
Poisson’s Ratio xz msxz 0.392
Shear Modulus xy (MPa) Gsxy 630
Shear Modulus yz (MPa) Gs

yz 741

Shear Modulus xz (MPa) Gs
xz 741

Orthotropic Stress Limits
Tensile x-direction (MPa) rs

T;x 24.45
Tensile y-direction (MPa) rs

T;y 24.45

Tensile z-direction (MPa) rs
T;z 24.45

Compressive x-direction (MPa) rs
C;x �24.45

Compressive y-direction (MPa) rs
C;y �24.45

Compressive z-direction (MPa) rs
C;z �24.45

Shear xy (MPa) ssxy 25.72
Shear yz (MPa) ssyz 25.93
Shear xz (MPa) ssxz 25.93

Fig. 4. Diagrams of the shear stresses corresponding to C44 (left) and ðC11 � C12Þ=2
(right) that are evaluated for the calculation of the Zener anisotropy index (A).
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stiffness regardless of the unit cell’s dimensions when its geometry
is perfectly scaled (see solid examples E and I). On the contrary, in
those specimens where wall thickness was kept fixed at two con-
tours (see example Q), the elastic modulus of Specimen ID8 approx-
imately doubles the corresponding unit-cell sample, as the first one
is denser and exhibits a larger effective area. Furthermore, the
stress–strain curves confirm that the bigger the unit cell is, the
higher the yield and maximum stress the structure reaches. Hence,

although scaling the cell size may not influence the stiffness prop-
erty, the FFF toolpaths that constitute the resulting part must be
considered. Thus, using tiny unit cells in this AM technology can
lead to the appearance of multiple infill voids that might become
stress concentrators as the 3D printing equipment resolution is still
limited.

Major variations arise when comparing the performance of the
solid and the sparse infill samples. In particular, when sparse infill
is used in patterns formed by larger unit cells, the infill setting has
a more significant impact on the structures’ mechanical behavior,
as expected. This point is related to the fact that having too narrow
areas in the cross-section disables sparse infill in favor of solid infill
in the affected areas. Accordingly, as pointed out when the relative
density data was presented (see Section 2.1), many of the Speci-
men ID8 samples are practically solid despite using the sparse infill
setting in the slicer software. This fact is noticeable on stress–
strain curves from samples E and I. As shown, sparse infill in Spec-
imens ID1, which have thicker unit cells than Specimens ID8, leads
to a more significant decrease in the elastic modulus, the maxi-
mum strength, and the total absorbed energy before the first fail-
ure (FF) occurs.

Fig. 7 depicts the results of the experimental compression per-
formance of the three-dimensional cellular solids in terms of the
relative density (left) and the time required for the fabrication
(right). Experimental data of PEI Ultem two-dimensional patterns
from a previous research [54], which were fabricated and tested
employing the same methodology described in the present study,
is overlapped for comparison.

The mechanical performance of families E, M, and Q is high-
lighted in each plot as representative patterns of lattice, Skeletal-
TPMS, and Shell-TPMS typologies, respectively. Depicted results
allow several conclusions to be drawn. On the one hand, cell geom-
etry design leads to different dimensions and orientations of the
resistant sections. This fact explains the differences in the results
on the vertical axis within specimens of similar relative density
in the charts in the left column. On the other hand, the elastic mod-
ulus, the compression strength at failure, and the energy absorp-
tion efficiency are significantly superior to that obtained by two-
dimensional patterns in the in-plane cell’s orientation for an equiv-
alent relative density. This difference is mainly attributed to the
material’s distribution in their cross-section and the presence of
manufacturing defects. That is, as the two-dimensional designs
have mainly closed cells and were printed with the thinnest
wall-thickness possible of one single contour, the filament paths
create numerous discontinuities (intra-layer defects), resulting in
manufacturing imperfections that compromise the load-bearing
capacity and energy absorption efficiency. In contrast, the three-
dimensional patterns show a wide range of wall thicknesses
depending on the chosen cell design, which are manufactured with
multiple filament contours. Hence, the material’s deposition is con-
centrated in stronger sections while keeping the same relative den-
sity and employing continuous filament paths, which favors the
reduction of defects between joints and significantly improves
the load capacity and energy absorption efficiency. For these rea-
sons, deposition imperfections become more critical for the
mechanical performance of 2D patterns than in 3D designs since
an inaccurate union of the cells (intra-layer defects) of the former
results in an earlier breakage. Therefore, as the absorbed energy
efficiency results have been reported up to the first failure of the
specimens, thin-walled two-dimensional morphologies are less
efficient in absorbing energy than three-dimensional alternatives,
despite exhibiting equivalent relative densities. However, none of
the three-dimensional specimens displayed a stiffness higher than
the one achieved with two-dimensional patterns’ in the out-of-
plane arrangement (perpendicular to the printing plane). This fact
is explained because 3D patterns mainly work under bending

Fig. 5. Volumetric representation of the RVE stiffness tensor corresponding to the
family M, and the isotropic circumscribed sphere. The ratio of these two volumes is
the AV anisotropy index.

Fig. 6. Stress–strain representative curves obtained from the experimental com-
pression tests performed on the cellular solids patterns.
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stress, thus showing a more flexible performance, while compres-
sion stresses in 2D patterns produce the buckling of the cell walls.

Despite dispersion, scatter plots a, b, and c in Fig. 7 show a
trend between mechanical performance and the relative density
of the samples, as expected. Focusing on maximizing the mechan-
ical properties (y-axis) and minimizing the weight of the struc-

tures (x-axis), an in-depth analysis of these charts provides
relevant information to determine which cell typologies stand
out. Accordingly, experimental evidence states that the Shell-
TPMS designs proved to be the most efficient ones, followed by
the Skeletal-TPMS and, finally, the lattice configurations. Further-
more, paying attention to the fabrication process, the scatter plots

Fig. 7. Experimental results of the elastic modulus (a, d), compression strength (b, e) and energy absorption efficiency (c, f) in terms of relative density and manufacturing
time for each cellular solids pattern.
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d, e, and f show that the Shell-TPMS designs require less than half
the fabrication time as the other cell patterns. This fact is
explained by the need to use support structures to fabricate the
other patterns, which involve a time-consuming material deposi-
tion sequence.

Accordingly, the Shell-TPMS designs allow the fabrication with-
out support structures, which means that the FFF equipment does

not need to perform the material change sequence, and a consider-
able amount of time is saved by avoiding purging steps. However,
despite requiring purging steps, Skeletal-TPMS and lattice designs
still can compete in manufacturing time against two-dimensional
patterns. Fig. 7 highlights that three-dimensional designs offer bet-
ter mechanical performance than two-dimensional patterns
employing the same amount of time for construction.

Fig. 8. Comparison of the experimental performance of the 2D [57] and 3D FFF cellular solids with materials database adapted from CES EduPack 2019, ANSYS Granta � 2020
Granta Design, with permission.
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3.2. Comparative performance

Experimental results have been represented in Fig. 8 to compare
the structural performance of the FFF cellular solids patterns in
terms of stiffness, compression strength, and density. In addition,
results from available PEI Ultem two-dimensional cellular solids

are included in a gray shaded area, as well as the mechanical prop-
erties of other materials from the Ansys GRANTA EduPack data-
base, for comparison. As shown, the performance of cellular
solids is contained in the range of foams and natural materials.
However, the three-dimensional designs cover a different region
from the two-dimensional ones.

Fig. 9. Comparison results of the numerical solid-element model and experimental data of ten representative cellular solids tested under compression load. The first and
fourth rows correspond to the experimental displacement field obtained via digital image correlation. The second and fifth rows are the analogous numerical displacement
fields, while the third and sixth rows display the numerical Von Mises stress before the specimen’s failure.
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Both charts in Fig. 8 contain black square dots representing the
reference PEI Ultem material properties processed in FFF
(Solid ± 45�with 100% infill density). Focusing on the top chart, cel-

lular patterns display lower elastic modulus than the solid refer-
ence, attending to the fact that less material is used. On the
other hand, regarding the wide spectrum of the achieved results,
the cell’s design plays an important role on the mechanical proper-
ties and density of the pattern, as was intended to demonstrate. As
previously noticed in Fig. 7, when samples of similar densities are
compared, three-dimensional patterns exhibit intermediate stiff-
nesses between two-dimensional designs’ in-plane and out-of-
plane behaviors. In particular, while their elastic moduli are not
too far from the results achieved with the optimum out-of-plane
orientation of two-dimensional designs, the in-plane performance
is improved by up to two orders of magnitude. Therefore, three-
dimensional designs tend to reduce the orthotropy of the cellular
solid, as will be further discussed in Section 3.4.

The bottom chart in Fig. 8 allows the comparison of the different
materials in terms of compression strength and density. It should
be noted that out-of-plane compression strength results from
two-dimensional cellular solids are not reported in the literature,
hence not included. Overall, when similar densities are examined,
depicted results state that the compression strength of the three-
dimensional designs is significantly higher than the in-plane
strength of the two-dimensional cell designs. This experimental
evidence is explained by the fact that 3D geometries behave
stretch-dominated while 2D behave bending-dominated. More-
over, inherent manufacturing imperfections extensively reported
in [54] create discontinuities in the cell-wall connections, which
proved to have dramatic effects on the performance of two-
dimensional cellular solids. In contrast, three-dimensional cell pat-
terns proved to be less prone to manufacturing defects.

3.3. Numerical analysis

Firstly, the numerical results obtained with the SE approach are
discussed. This model offers a shorter setup and accounts for geo-
metric details from the cellular solids while considering edge

Fig. 10. Comparison of the accuracy of the solid-element and homogenized RVE
numerical models in constrast to experimental data.

Fig. 11. Homogenized stiffness tensor representations for each of the studied patterns (see 6). Two-dimensional cellular designs (Hexagonal and Hexachiral) are included for
comparison.
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effects. Nevertheless, it presents a major drawback of being very
computationally expensive. Fig. 9 compares the numerical and
experimental data of ten representative cellular solids tested under
compression load. The first and fourth rows correspond to the
experimental displacement field obtained via digital image corre-
lation (DIC) for a 1 mm (2.5% of strain) compression displacement
along the perpendicular axis to the printing plane. Deficiencies
observed in the displacement field are due to limitations in recog-
nizing the stochastic pattern sprayed on the surface of the samples,
particularly on regions not visible to one of the cameras (see spec-
imens P and Q). The second and fifth rows are the analogous
numerical displacement fields, while the third and sixth rows dis-
play the numerical Von Mises stress before the specimen’s failure.
In addition, the experimental and numerical stiffness moduli are
indicated below each image, corresponding to the results obtained
from compression tests and employing the SE model, respectively.
In general, the numerical results agree with experimental values as
well as with reference material data [81], thus validating the
numerical model.

Von Mises stresses show different trends between cellular pat-
terns, particularly on Shell-TPMS designs (see specimens P and Q).
Overall, the identified areas of stress concentration match the
experimental failure regions of the cellular solids. Note that walls
in Shell-TPMS designs are not self-intersecting surfaces, hence
avoiding joints and discontinuities in filament deposition. This fact
favors the stress distribution and improves the mechanical perfor-

mance of the cellular structure, thus confirming the experimental
evidence.

Secondly, a much more computationally efficient alternative to
simulate cellular structures is implementing the H-RVE model.
Specifically, the effective and homogenized elastic properties of a
RVE are used to define the behavior of the cellular structure which,
in this case, is simplified into a completely solid model that covers
the cubic envelope of the sample. Thus, it is a remarkably robust
method to simulate cellular solids regardless of their geometrical
complexity, density, and cell dimensions, reducing the meshing
process complexity considerably.

However, implementing the H-RVE approach for simulating
periodic structures has certain drawbacks that must also be con-
sidered. On the one hand, it is only suitable for uniform repetitive
geometries, as the effective RVE properties are supposed to be con-
stant throughout the volume. On the other hand, this approach
requires computing more steps since a homogenization of the unit
cell has to be performed before addressing the whole design. More-
over, this numerical analysis tends to be less accurate than the SE
method because neither edge effects nor stress concentrations are
considered due to the simplification of the model.

The accuracy of both numerical methods is presented in Fig. 10,
where the values of the estimated elastic moduli of each cellular
solid are compared with the experimentally determined ones. A
regression line is fitted to each numerical approach, and the coef-
ficient R2 is given to quantify the degree of correlation. As can be

Table 3
Results of three indices to quantify the degree of anisotropy of each cell pattern.

Specimen ID AV A[6,75,77] AU[79] Relative
density (%)

Elastic modulus (MPa) Compression strength
at FF (MPa)

Energy absoroption efficiency
at FF (J/cm3)

S8 0.997 0.999 0.000 21.7 105 ± 0 4 ± 0.0 908 ± 8
S1 0.966 1.030 0.001 11.7 47 ± 3 1.1 ± 0.0 184 ± 5
P1 0.950 1.051 0.003 8.0 14 ± 4 0.5 ± 0.1 235 ± 15
P8 0.911 1.087 0.008 16.0 82 ± 2 3.6 ± 0.1 1019 ± 60
R8 0.876 1.141 0.021 30.9 143 ± 1 7.3 ± 0.1 1733 ± 28
E8 0.829 1.204 0.041 31.5 188 ± 21 9.4 ± 1.2 1722 ± 598
E1 0.827 1.207 0.042 30.3 152 ± 3 10 ± 0.1 3209 ± 55
R1 0.820 1.220 0.047 16.3 52 ± 2 2 ± 0.1 511 ± 3
F1 0.632 1.641 0.301 30.3 136 ± 1 8 ± 0.1 1924 ± 77
F8 0.631 1.633 0.294 30.2 138 ± 4 7.7 ± 0.2 1775 ± 67
A1 0.611 0.709 0.144 27.1 96 ± 12 2.8 ± 0.1 234 ± 34
A8 0.610 0.709 0.143 27.8 124 ± 2 3.5 ± 0.2 305 ± 34
I1 0.606 1.653 0.310 23.7 52 ± 1 2.6 ± 0.2 664 ± 103
I8 0.605 1.639 0.299 23.6 53 ± 1 2.9 ± 0.2 863 ± 28
O1 0.590 1.843 0.463 46.1 211 ± 6 11 ± 0.6 1252 ± 182
O8 0.589 1.852 0.470 47.3 216 ± 32 9.9 ± 1.6 914 ± 163
J1 0.585 1.812 0.437 20.7 50 ± 2 2.4 ± 0.1 635 ± 143
J8 0.582 1.791 0.419 23.7 58 ± 0 3.4 ± 0.3 873 ± 95
Q8 0.570 0.682 0.178 19.4 154 ± 2 6.9 ± 0.1 1927 ± 12
G1 0.548 2.070 0.664 30.7 80 ± 4 4 ± 0.3 601 ± 134
G8 0.547 2.101 0.693 31.0 92 ± 2 5.3 ± 0.2 1350 ± 26
H8 0.524 2.419 0.998 25.5 43 ± 1 2.2 ± 0.0 545 ± 103
H1 0.523 2.411 0.991 20.9 40 ± 1 1.8 ± 0.0 331 ± 5
C1 0.523 2.294 0.876 21.3 45 ± 0 2.4 ± 0.1 554 ± 18
C8 0.521 2.347 0.927 26.3 57 ± 0 2.8 ± 0.0 741 ± 31
K8 0.520 2.313 0.894 24.6 58 ± 0 4 ± 0.0 1243 ± 34
K1 0.519 2.327 0.908 24.6 33 ± 3 2 ± 0.4 496 ± 164
Q1 0.508 0.590 0.342 9.8 61 ± 5 1.7 ± 0.0 429 ± 2
T8 0.503 2.611 1.193 11.8 26 ± 0 1.1 ± 0.0 507 ± 28
B1 0.494 2.656 1.239 13.2 8 ± 0 0.5 ± 0.0 263 ± 5
B8 0.491 2.597 1.179 13.4 8 ± 0 0.6 ± 0.0 352 ± 5
T1 0.473 3.271 1.892 5.8 1 ± 0 0.1 ± 0.0 158 ± 46
M1 0.392 0.290 2.091 29.8 293 ± 1 13.3 ± 1.5 8302 ± 1451
M8 0.391 0.289 2.103 29.9 240 ± 12 12.7 ± 0.4 6125 � 257
D8 0.385 0.126 7.285 18.2 86 ± 1 3.5 ± 0.2 493 ± 94
D1 0.365 0.124 7.415 18.4 73 ± 4 2.7 ± 0.1 337 ± 13
N1 0.365 0.184 4.351 26.8 95 ± 3 6.9 ± 0.3 8710 ± 1477
N8 0.364 0.184 4.351 27.2 101 ± 3 2.5 ± 0.0 339 ± 17
L1 0.360 0.181 4.443 23.4 221 ± 19 18.1 ± 0.0 17764 ± 690
L8 0.360 0.182 4.413 23.6 212 ± 3 10.7 ± 0.1 1887 ± 51
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seen, both models tend to underpredict the cellular stiffness, but
the best fit corresponds to the SE model, even though the H-RVE
model leads to huge computational time savings.

3.4. Degree of anisotropy

The geometric complexity of cell pattern designs, which
strongly influences mechanical performance, is linked to the
degree of anisotropy. To better illustrate the concept of degree of
anisotropy, Fig. 11 depicts the stiffness tensor representations for
each of the studied patterns. This graphical depiction allows visu-
alization of the effective elastic modulus in each direction of the
space. Thus, the more spherical this graphic is, the more isotropic
the cellular pattern performs. These plots are obtained by rotating
the homogenized stiffness tensor about the three global coordinate
axes, as detailed in Appendix B. The tensor representations of two
two-dimensional cellular designs (Hexagonal and Hexachiral) have
also been included for comparison.

A first qualitative analysis of these results confirms the influ-
ence of the patterns’ geometry on the degree of anisotropy. Firstly,
there is a noticeable difference between the results of two and
three-dimensional cellular solids. The extruded-like geometry of
the firsts gives them a high out-of-plane stiffness, while the rigidity
in the other planes is compromised. The three-dimensional designs
provide balanced stiffness in orthogonal directions, making the
graphical representation of the tensor less direction-dependent.
Secondly, the arrangement and orientation of the cells, together
with the density of the pattern, directly affect the dimensions
and orientations of the resistant sections, thus conditioning the
performance, as previously verified by experimental tests.

Three approaches were used for comparative purposes to quan-
tify the degree of anisotropy: the Zener index A, the Universal ani-
sotropy index AU , and a novel proposed volume-based index AV .
Results of three indices are collected in Table 3. According to the
AV index, specimen IDs are sorted from the highest to the lowest
degree of isotropy achieved. In addition, results of the mechanical
behavior characterization have also been included. As observed,
the cell patterns S, P, R, and E present the highest isotropic behav-
ior, agreeing with the results depicted in Fig. 11. As can be seen, the

reported values highlight the instability of the other indices, AU and
particularly A, to sort the different designs according to their aniso-
tropy degree accurately. In detail, the three indices coincide in the
first few patterns, but from the ninth row onwards, the degree of
anisotropy obtained by the different indicators diverges signifi-
cantly. It is explained by the fact that the AV index is determined
employing the whole stiffness tensor, considering the inherent ani-
sotropy of the AM patterns, in contrast to the AU and A indices.

Fig. 12 depicts the experimental results of the stiffness and

specific strength against the degree of anisotropy index AV . Note
that axes are presented in logarithmic scale, and comparison lines

are included based on the design criteria E=AV , E�1=2=AV , and
E�1=3=AV . As can be noticed, the three inspected typologies of solid
cellular families occupy distinguishable regions in both graphs. The
main differences are observed between skeletal and Shell-TPMS
patterns. Overall, the former exhibits a superior mechanical perfor-
mance, while the latter shows higher isotropy. Meanwhile, lattice
designs are mainly located in the central area of both plots. In addi-
tion, the results also allow determining the effect of cell size. As
shown, some geometries have the same anisotropy index, regard-
less of cell size. However, it does not happen in those specimens
where wall thickness was kept fixed at two contours (patterns P
to T), where the relative density of Specimen ID8 is double the
one corresponding to ID1, and the elastic modulus of Specimen
ID8 has approximately doubled the corresponding unit cell sample

(see example Q) due to the fact that the first one is denser, hence
exhibiting a larger effective area. Finally, this comparison high-
lights the mechanical behavior of the Shell-TMPS type patterns,
which is added to the advantages in manufacturing time presented
above.

3.5. Validation test

Finally, to validate and compare both numerical approaches, the
behaviors of a two-dimensional pattern (Hexachiral) and a three-
dimensional Shell-TPMS design (Q) were experimentally and
numerically evaluated under a centered 3-point bending load case.

The numerical and experimental results of both solid cellular
patterns are represented in Fig. 13. The left-hand column corre-
sponds to the two-dimensional Hexachiral pattern and the right-
hand column to the three-dimensional Shell-TPMS pattern. The
depicted results of each pattern were evaluated when failure
occurred. The provided numerical plots show the total displace-
ment and the Von Mises stress obtained results for both patterns
employing the SE and the H-RVE approaches, respectively. In addi-

Fig. 12. Experimental results of the specific elastic modulus and compression
strength against the degree of anisotropy index AV of each cellular pattern (see
Fig. 1 and Table 1).
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tion, the experimental stiffness of each pattern is included together
with the values calculated using both FE methods. Lastly, other
model details including the computational time and size are
provided.

The numerical stiffness values agree with the experimental
result for both types of cellular solids. The higher divergence is
observed in the H-RVE approach, which is attributed to the simpli-
fication of the homogenized model. Regarding this model, the dis-
placement results from the Hexachiral pattern analysis are
satisfactory. However, the bending-torsion coupling effect
observed in the Diamond pattern is not identified. Note the slightly
different stress field on the surrounding area of supports. Similarly,
as displayed on the Von Mises stress plots, the stress concentrators
are not captured in the homogenized model. Therefore, only effec-
tive stress values can be determined if this approach is imple-
mented. Note the difference between the maximum Von Mises
stresses results obtained with the H-RVE and SE methods. Never-

theless, despite these points, the accuracy of the numerical results
confirms the capability of both approaches to reproduce the elastic
behavior of cellular solids with adequate confidence.

4. Conclusions

This work presents comprehensive research on the mechanical
performance of additively manufactured three-dimensional light-
weight cellular solids, including open-cell and closed-cell patterns
with different cell sizes and infill densities. The paper provides
experimental evidence on the differences over two-dimensional
designs in terms of stiffness and strength while attending to man-
ufacturing aspects such as printing time, proving that the elastic
modulus, the compression strength, and the energy absorption
efficiency are significantly superior to that obtained by two-
dimensional patterns in the in-plane cell’s orientation for an equiv-

Fig. 13. Validation results of solid-element and homogenized RVE numerical models for Hexachical (left) and Diamond (right) cellular patterns.
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alent relative density. The control of the examined engineering
parameters allows producing lightweight structures with an
extensive spectrum of specific stiffness and strength, starting from
the intrinsic properties of a single material. Experimental evidence
states that the Shell-TPMS designs proved to be the most efficient
cellular pattern, followed by the Skeletal-TPMS and, finally, the lat-
tice configurations. Regarding the fabrication process, results
showed that the Shell-TPMS designs require less than half the fab-
rication time of the other cell patterns.

Two validated strategies for simulating the elastic behavior of
cellular solids have also been presented, comparing their accuracy
and computational requirements. In short, the homogenized repre-
sentative volume element approach (H-RVE) has computational
advantages (90% less time) but does not allow the simulation of
local effects on the cell walls. In contrast, the solid-element
approach (SE) can simulate the elastic behavior satisfactorily,
including local effects, but at a higher computational cost. In par-
ticular, this approach successfully identified the stress concentra-
tion regions of the lattice and Skeletal-TPMS patterns where
experimental failure occured. In addition, the obtained results
proved that the morphology of Shell-TPMS designs favors a more
homogeneous stress distribution, which improves the mechanical
performance of the cellular structure.

Moreover, the novel method for quantifying the isotropy of the
additively manufactured cellular solids presented, based on the
graphical representation of the homogenized stiffness tensor,
allows comparing the degree of anisotropy of the complex struc-
tures in a more robust way, regarding important aspects such as
the inherent anisotropy of additively manufactured components.

Lastly, the obtained results highlight how pattern design
impacts the cellular solids’ density and mechanical behavior. Thus,
an accurate adjustment of the unit cell shape can lead to structures
with equivalent densities but with very contrasting performances.
This fact is illustrated by the significant differences that emerge
between the performance that can be achieved with two-
dimensional and three-dimensional cellular solids. In particular,
the geometric homogeneity in the 3D space of many considered
patterns results in a higher degree of isotropy in contrast to the
one that is exhibited by the extruded-like designs. Overall, the
gathered experimental and numerical data states the advances in
mechanical performance and isotropy that implementing three-
dimensional designs brings, compared to the more classical two-
dimensional patterns.
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Appendix A. Generation methods of TPMS cellular solids

All Skeletal-TPMS and Shell-TPMS designs analyzed in this
research were generated with TPMSgen [70] from the correspond-
ing mathematical equation presented below:

J ! sin xð Þ � cos yð Þ þ sin yð Þ � cos zð Þ þ sin zð Þ � cos xð Þ ¼ 1 ðA:1Þ

K ! cos xð Þ � cos yð Þ � cos zð Þ þ sin xð Þ � sin yð Þ � sin zð Þ ¼ 1
2

ðA:2Þ

M ! cos xð Þ þ cos yð Þ þ cos zð Þ ¼ 1
2:5

ðA:3Þ

N ! cos xð Þ þ cos yð Þ þ cos zð Þ ¼ 1
1:5

ðA:4Þ

O ! 2 � cos xð Þ � cos yð Þ þ cos yð Þ � cos zð Þ þ cos zð Þ � cos xð Þ½ �
� cos 2xð Þ þ cos 2yð Þ þ cos 2zð Þ½ � ¼ 1 ðA:5Þ

P ! sin xð Þ � cos yð Þ þ sin yð Þ � cos zð Þ þ sin zð Þ � cos xð Þ ¼ 0 ðA:6Þ

Q ! sin xð Þ � sin yð Þ � sin zð Þ þ sin xð Þ � cos yð Þ � cos zð Þ
þ cos xð Þ � sin yð Þ � cos zð Þ þ cos xð Þ � cos yð Þ � sin zð Þ ¼ 0 ðA:7Þ

R ! sin 2xð Þ � cos yð Þ � sin zð Þ þ sin xð Þ � sin 2yð Þ � cos zð Þ
þ cos xð Þ � sin yð Þ � sin 2zð Þ � cos 2xð Þ � cos 2yð Þ
� cos 2yð Þ � cos 2zð Þ � cos 2zð Þ � cos 2xð Þ þ 0:3 ¼ 0 ðA:8Þ

S ! 1:1 � sin 2xð Þ � cos yð Þ � sin zð Þ þ sin xð Þ � sin 2yð Þ � cos zð Þ½
þ cos xð Þ � sin yð Þ � sin 2zð Þ� � 0:2 � cos 2xð Þ � cos 2yð Þ½
þ cos 2yð Þ � cos 2zð Þ þ cos 2zð Þ � cos 2xð Þ�
� 0:4 � cos 2xð Þ þ cos 2yð Þ þ cos 2zð Þ½ � ¼ 0 ðA:9Þ

T ! cos xð Þ þ cos yð Þ þ cos zð Þ ¼ 0 ðA:10Þ

Appendix B. 3D representation of the stiffness tensor

The following steps allow obtaining the graphical representa-
tion of the homogenized stiffness tensor (CH) of the RVE of a cellu-
lar solid, expressed in Voigt notation and referenced to the global
XYZ coordinate system.

First, the generalized Hooke’s law for continuous media is
expressed as:

r ¼ CH � e ðB:1Þ
where r and e are the stress and strain tensors referenced to the
global XYZ coordinates, respectively.

A rotation around the x-axis (a), y-axis (b), and z-axis (c) can be
introduced to evaluate the stress and strain tensors rabc and eabc
as:

rabc ¼ Lrabc � r

eabc ¼ Leabc � e
ðB:2Þ

where Lrabc and Leabc are the bond-stress and strains transformation
matrices, which are determined from the rotation matrix Q and
classical rotation matrices Rx, Ry , and Rz as detailed in B.3.where:
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Qij corresponds to the element located in row i and column j
in Q .

Q ¼ Rx � Ry � Rz

Rx að Þ ¼
1 0 0

0 cosðaÞ � sinðaÞ
0 sinðaÞ cosðaÞ

2
64

3
75

Ry bð Þ ¼
cosðbÞ 0 sinðbÞ

0 1 0

� sinðbÞ 0 cosðbÞ

2
64

3
75 Rz cð Þ ¼

cosðcÞ � sinðcÞ 0

sinðcÞ cosðcÞ 0

0 0 1

2
64

3
75

Substituting Eqs. (B.2) into Eq. (B.1), the following expression
Eq. (B.4) is obtained:

rabc ¼ Lrabc � CH � Le�1
abc � eabc ðB:4Þ

Then, the effective stiffness tensor in a specific orientation (CH
abc)

can be determined as:

CH
abc ¼ Lrabc � CH � Le�1

abc ðB:5Þ

At this point, the corresponding compliance tensor SH
abc can be

directly calculated by inverting CH
abc. Thus, for example, taking

the global x-axis reference, the effective Young’s modulus Eabc is:

Eabc ¼ 1
SHabc11

ðB:6Þ

where SHabc11 is the first term of the effective compliance tensor SH
abc.

Finally, the graphical representation of the homogenized stiff-
ness tensor can be plotted with the sequential computation of dif-
ferent rotation angles a, b, and c. Each combination will rotate the
tensor and evaluate the effective stiffness in a particular examined
direction dabc:

dabc ¼ Q �
1
0
0

2
64

3
75 ðB:7Þ

Accordingly, given an orientation dabc and the corresponding
effective Young’s modulus Eabc, the coordinates x , y, and z, of a
point in the graphical representation of the stiffness tensor are
obtained as:

x ¼ Eabc:dabc1
y ¼ Eabc:dabc2
z ¼ Eabc:dabc3

8><
>: ðB:8Þ
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